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MAXIMUM  DIAMETER  OF  ABSTRACT  POLYTOPES 


by 

Ilan  Adler  and  George  B.  Dantzig 

1.  Abstract  polytope— definition  and  notation. 

Given  a  finite  set  T  of  symbols,  a  family  P  of  subsets  of  T 
(called  vertices)  forms  a  d- dimensional  abstract  polytope  if  the  following 
three  axioms  are  satisfied: 

(i)  Every  vertex  of  P  has  cardinality  d. 

(ii)  Any  subset  of  d-1  symbols  of  T  is  either  contained  in  no 
vertices  of  P  or  in  exactly  two  (called  neighbors  or 
adjacent). 

(iii)  Given  any  pair  of  vertices  v,  v  e  P,  there  exists  a  sequence 
of  vertices  v  =  v^,  *  *  *  >  \  -  v  such  that 

(a)  v vi+1  are  neighbors  (i  =  0,  ...  ,  k-l) 

(b)  (v  n  v)  c  Vj  (i  =  0,  ...  ,  k). 

It  is  convenient  to  delete  from  T  all  symbols  that  are  not  used 
to  define  vertices.  Hence  we  denote  UP  =  (Uvjv  e  P) . 

Let  u  be  a  subset  of  P  such  that  |u|  =  k  (|u|  denotes  the 
cardinality  of  u).  If  P1  =  {v  e  p|vo  u]  is  nonempty  we  say  that  P' 
is  the  face  of  P  which  is  generated  b^  u  and  denote  it  by  Fp(u)  or  simply 
F(u)  if  the  abstract  polytope  P  is  clear.  It  ij  not  difficult  to  verity 
that  the  family  (v-u|v  e  Fp(u))  of  subsets  obtained  by  deleting  u  from 

each  vertex  of  such  a  face  is  a  (d-k)-dimensional  abstract  poly  tope.  In 
the  sequel  we  shall  use  this  property  of  faces  extensively.  Whenever  we 
mention  a  face  as  an  abstract  polytope,  it  is  to  be  understood  that  the  deleting 


2. 


of  common  symbols  has  been  performed.  Since  Pp(u)  corresponds  to  a  ( d-k )- 
dimensional  abstract  polytope  we  my  that  It  Is  a  (d-k) -dimensional  face  of  P. 
Zero,  one  and  d-1  dimensional  faces  are  called,  respectively,  vertices,  edges, 
and  facets. 

A  d- dimensional  abstract  polytope  with  n  facets  is  called  an  (n,d)- 
abstract  polytope.  .(Note  that  a  =  ju P j . )  We  denote  by  ( n,d)  the  class 
of  all  (n,d)-abstract  polytopes. 

The  graph  G(P )  of  an  abstract  polytope  P  is  the  graph  whose  vertices 
and  edges  correspond  1-1  to  the  vertices  and  edges  of  P,  respectively. 

Note  that  axiom  (ill)  is  satisfied  by  P  if,  and  only  if,  the  graph 
of  every  face  of  P  is  connected,  and  that  if  we  augment  P  by  including  all 
subsets  of  the  vertices  of  P,  then  axioms  (i)-(iii)(a)  define  a  (d-l)-dimensional 
pseudo-manifold  (with  no  boundary). 


2.  Relation  between  abstract  and  simple  polytopes. 

Abstract  polytopes  are  ( combine torially)  closely  related  to  simple  poly¬ 
topes.  A  simple  polytope  can  be  expressed  as  the  set  of  solutions  of  a  bounded 
and  non- degenerate  linear  program  {4] .  Suppose  the  latter  consists  of  m 
equations,  in  n  non-negative  variables  whose  coefficient  matrix  is  of 
rank  m.  One  can  associate  n  symbols  with  the  index  set  of  the  n  columns 
of  the  coefficient  matrix.  Then  the  family  of  subsets  of  symbols  which 
correspond  to  the  non-basic  columns  of  all  the  basic  feasible  solutions  (i.e., 
vertices)  of  the  linear  program  forms  an  (n,d)-abstract  polytope  where  d  ■  n-m. 
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Biis  Is  true  because  any  feasible  solution  Is  defined  uniquely  by  the  subset 
of  d  a  n-m  non-basic  variables  set  to  zero  (axiom  (l)).  Given  a  basic 
feasible  solution,  a  new  basic  solution  can  be  obtained  by  dropping  any  one 
of  the  d  non-baslc  variables.  Exactly  one  of  the  basic  variables  can  be 
set  equal  to  zero  in  its  place  (under  non-degeneracy  and  boundness).  Ihls 
generates  a  neighboring  vertex  (axiom  (ii)).  Given  any  two  vertices  v 
and  v,  then  by  restricting  ourselves  to  the  lowest  dimensional  face  common 
to  v  arid  v  (i.e.,  holding  at  zero  value  the  subset  of  non-basic  variables 
common  to  the  two  vertices),  a  path  of  neighboring  vertices  from,  v  to  v 
can  be  found  (e.g.,  by  using  the  simplex  method  and  a  suitably  chosen  objective 
function)  (axiom  (iii). 

Although  the  class  of  abstract  polytopeB  includes  ( combinatorially) 
that  of  simple  polytopes  the  converse  is  not  true.  Indeed  by  a  theorem  of 
Steinitz  (see  [2])  the  graph  of  every  3-dimensional  abstract  polytope  is 
planar.  However,  the  graph  of  the  3-dimensional  abstract  polytope  displayed 
in  Figure  2  is  easily  shown  to  be  non-planar.  Hence  no  simple  polytope  can 
have  the  graph  structure  of  this  particular  abstract  polytope. 


3.  Paths  and  diameters. 

Let  P  be  an  abstract  polytope  and  let  v,  v  e  P.  A  path  of  length  k 
from  v  to  v  in  P  is  a  sequence  of  vertices  v  =  v_,  ...  ,  v.  =  v  suth 

w  Jk 

that  v^  vi+1  are  neighbors  (i  =0,  ...  ,  k-l).  (Note  that  vertices  of  the 
path  are  not  required  to  be  in  Fp(v  n  v).)  Hie  diameter  6(P)  of  P  is 
the  smallest  integer  k  such  that  any  two  vertices  of  P  can  be  Joined  by 
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a  path  of  length  less  than  or  equal  to  k.  We  denote  by  ^(a#d)  the  maximum 
of  b(p)  over  all  (n,d)-abstract  polytopes.  This  corresponds  to  Klee  and 
Walkup's  A.(n,d)  for  ordinary  simple  polytopes  [1].  In  general,  of  course, 
Aft(n,d)  >  A^n,!). 

Our  main  objective  is  to  establish  values  and  bounds  for  A  (n,d). 

We  shall  show  in  particular  that  the  unsolved  d-step  (or  ELrsch)  conjecture 
(that  A  (n,d)  <  n-d)  holds  for  n-d  <  5  thus  paralleling  results  of  Klee  and 
Walkup  [1]  for  ordinary  polytopes.  Our  arguments,  however,  are  based  on  fewer 
axioms  and  imply  theirs  as  a  special  case. 


4.  Some  preliminary  results. 

We  shall  make  frequent  use  of  the  following  theorem; 

Theorem  1.  (Adler,  Dantzig,  Murty  [3])  Given  an  abstract  polytope  P,  if 
two  vertices  v,  v  in  P  do  not  have  a  symbol  (say  A)  in  common  then  there 
exists  an  "A— avoiding  path"  Joining  them;  i.e,,  there  exists  a  path  from 
v  to  v  such  that  no  vertex  along  the  path  contains  A. 

The  next  Theorem  is  the  analog  of  a  result  of  Klee  and  Walkup  in  [1], 
Tiie  proof  here  is  similar. 


Theorem  2. 

For 

• 

• 

• 

** 

CO 

rH 

O 

II 

M 

(1) 

Aa(n 

VI 

Aa(n+k,  d+k) 

(li) 

\(.n. 

VI 

TS 

AQ(n4k,d) 

(iii) 

Aa(n,d)  < 

Aa(n42k,  d+k)  -  k 

(lv) 

A&(2d,d)  . 

*  A&(d+k,  k),  k  >  1 

5. 


Proof.  We  shall  prove  (i)-(iii)  for  k  ■  1,  the  extension  to  k  >  1 

it 

is  trivial. 

Let  P  be  an  (n,d)-abatract  polytope  such  that  8(P)  ■'  A  (n,d). 

(l)  Let  A  eUP  and  let  A 1  /  UP  he  a  new  symbol,  define  P' 
as  an  abstract  polytope  identical  with  P  except  the  symbol  A'  replaces  A. 
Define  P  as  a  new  abstract  polytope  with  vertices  v  UA1  and  v*  U  A  for 
all  v  c  P  and  all  v'  c  P'. 

it  is  easy  to  verify  that  P  is  an  (n+l,d+l)-abstract  polytope  with 
a  diameter  at  least  as  big  as  B(P),  thus 


Aa(n,d)  «  B(P)  <  B(P)  <  Aa(n+1,  d+l) 

(ii)  Let  A'  /  UP  be  a  new  symbol  and  v'  e  P.  Let  v.,  ...  ,  v.  be 

A  d  a 

the  d  subsets  of  v'  with  cardinality  d-1.  Define  P»  (P-v‘)  U  U  (v.  UA'}, 

i-=l 

It  is  obvious  that  P  e  p(n+l,d)  (i .e.,  P  is  an  (n+l,d)-abstract  polytope) 
and  that  5(P)  >  6(p),  hence 


A  (n+1,  d)  >8(P)  >  8(P)  «  A ,  (n,d). 


(iii)  Let  A^  /  UP  (i  *  1,2)  be  distinct  new  symbols.  Define 
PA  =  ((vU  A^)|v  €  P) ,  i  =*  1,2.  Then  P^  U  Pg  £  n-*2,  d+l)  and 

6^  U  Pg)  *  B(P)  +  1.  So 


Aa(n+2,  d+l)  -  1  >  «(PL  U  P2)  -  1  =  »(P)  -  AQ(n,d)  . 


(iv)  let  P  €  J*(d4k,  k)  (k  >  d)  where  6(?P>)  -  Ajd+k,  fc) .  Choose 
v,  v  e  P  so  that  the  shortest  path  from  v  to  v  has  length  6(F).  Con¬ 
sider  the  face  P'  ■  Fp(v  0  ▼)  of  P  which  corresponds  1-1  to  a  (d-Hc k')- 
abstract  polytope  (where  k'1  »k-  jjv  fl  t|  <  d).  Since  P*  cp,  the  length 
of  the  shortest  path  from  v  to  v  in  P*  Is  at  least  as  large  as  &(p). 
Hence 


Aa(d+k"„  k  ')  >6(F')  >  6(F)  «^(d4fc,  k)  .. 
However  by  (i)  (since  d+k  >  2d  >  d+k ') 


Hence 


A  (d+k,  k)  >  A  (2d,d)  >  A(d+k\  k') 
Ajl d+k,  k)  -  Aa(2d,d)  for  k  >  d. 


0 


We  shall  make  frequent  use  of  the  notion  of  a  "shell"  bordering  a  set 
of  vertices  of  an  abstract  polytope-  Let  P  be  an  abstract  polytope  and 
let  Z  c  p.  A  vertex  v  of  P  belongs  to  the  1-th  shell  Jl£(Z)  of  Z  in 
P  if,  and  only  if  1  is  the  minimum  length  of  all  of  the  paths  in  P 
Joining  v  to  the  various  vertices  of  Z.  The  o-shell  of  Z  is  Z  itself. 
The  1- shell  of  Z  is  the  set  of  vertices  which  are  adjacent  to  but  not  in  Z. 
In  general 

4<z)  -  aJU  *p(Z))  . 

J=1 


For  simplicity,  the  1-shell  of  Z  in  P  will  also  be  denoted  by  Hp(Z) 
or  simply  N(Z)  if  P  is  clear. 
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theorem  3  below  will  be  used  (in  section  3)  to  establish  the  values 
of  A  (n,2)  and  the  values  of  A  (n,d)  for  all  n,  d  such  that 

n-d  <5* 


Theorem  3.  Given  P  e  ,,p(2d,d)  (i.e.,  P  is  a  (2d,d)-abstract  polytope)and 

vQ,  vQ  e  P  such  that  vQ,  v0  partition  UP.  Let  (vQ,  v^  ...  ,  v^)  and 
(vQ,  v^,  ...  ,  v_)  be  two  paths  in  P  with  the  property  |v^  0  v^j  =  i+J, 
then  such  paths  exist  for 

(i)  d  >  1,  k  =  0,  k  «  1  where  v^  is  any  given  vertex  in  Np(vQ). 

(ii)  d  >  2,  k  =  1,  k  =  1  where  is  any  given  vertex  in  Np(vQ). 

(iii)  d>3,  k  =  2,  k  =  l  where  v.^  is  any  given  vertex  in  Np(Vg). 

(iv)  d  >  4,  k  -  2,  k  .  2. 


Proof.  (Except  part  (iv)  for  d  >  5*) 

Let  Vq  =  (A ...  ,  A^] ,  Vq  =  {A^,  ...  ,  Aj) 
symbols  v^,  Vj  where  used  below  satisfy 
to  do  so. 


Ivin  ^  I  * 


partition  P.  The 
i+J  or  will  be  shown 


(i)  Obvious  by  the  second  axiom  of  abstract  polytopes. 

(li)  By  (i),  v^  e  N(vq)  implies  that  |vQ  flv  |  =  1.  Relable  so  that 

v^  =  {A1,  A^,  ...  ,  A^_1) .  Note  that  A^  {v^  U  v^) .  By  Theorem  1  there 

existB  an  A^-avoiding  path  between  vQ  and  v^  in  P(vQn  v^)  (i.e.,  all 

the  vertices  of  that  path  contain  v„  n  v1  =  A.  but  do  not  contain  A,). 

u  1  x  d 

Let  v1  be  the  neighbor  of  vQ  in  this  path.  Since  A^  v.^,  v^  must 
contain,  for  d  >  2,  one  symbol  different  from  those  in  v.  U  A. .  Hence, 

—  0  Q 

since  A1c  v.^,  |vj.  nv  |  =2. 
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(ill)  Let  v^  c  N(Vq)  then  by  (ii)  there  exist*  a  vertex  «  H(vq) 
such  that  |v1  n  -  2.  By  relabeling  let  v1  -  (Aj>  ...  ,  A^,  Xj), 

vx  -  (Aj,  ...  ,  A^).  Define  P  n  v^"  and  V  ■  H(v0)  fl  P'. 

Note  that  W  is  the  set  of  all  vertices  of  N(v^)  which  contain  both 
and  A.^ 

By  Theorem  1  there  exists  an  A^-  avoiding  path  from  v^  to  v^  in 
P'.  Let  v2  be  a  vertex  of  this  path  which  belongs  to  Np,(w)  (such 
vertex  exists  because  v^  £  V  while  r,  j.  W  for  d  >  j).  But  contains 
(Ai#  A^}  and  one  symbol  out  of  V  - »  V  hence  |vg  n  v^|  ■  3* 

(iy)  (d  =  4)  By  ( ill )  there  exists  v^  £.  N(vq)  and  vg  €  W2^) 
such  that  |vg  fl  v^  |  **  3.  Since  d  =  4,  the  second  axiom  of  abstract 
polyt'opes  implies  that  Vg  is  a  neighbor  of  v^.  Thus  letting  Vg  ■  Vg 
completes  the  proof  for  this  case.  Q 

Bart  (iv)  for  d  *  5  will  be  established  in  stages  via  Theorems  4 


and  5  and  for  d  >  6  via  Theorems  6  and  7* 


Theorem  4.  Given  P  e  J^(2d,d)  (where  d  >  4)  and  vertices  v^,  v^,  v^  €  P 
satisfying  |v1  fl  vj  »  i+J  and  v^,  v^  c  N^Vq)  satisfying  j^n  v^  n  Vg|  *  3 
then  there  exist  Vg  e  ^(v^)  such  vhat  |\'g  n  Vg|  =4  where  either  Vg  m  Vg 


or  Vg  *  v2 
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Proof;  By  relabeling  for  d  >  4  ve  are  assuming 

Yq  **  (A^  •  •  •  f.  A^J  j  Yq  *  *  •  •  i  1  **  (A^i  •  •  •  |  A^^i  1 

Vg  *  lA^>  Ag,  X^;  •  •  •  ,  X^}  *  ( A^  ,Aj } ) 

Vg  *  (A^,  Ag,  A^,  •••  ,  A^}  -{A^,  A^J  (2  <  1,  J,  k|  J  <  d) 

where  I,  J,  k,  i  are  all  distinct  or  1  ■  k  and  i,  J,  i  are  distinct. 

Note  that  ^  n  Vg  ftVg'  -  (A^  Ag,  A^. 

By  theorem  1  there  exists  an  A^—-  avoiding  path  from  v^  to  Yg 
in  P'  ■  P(v1  n  Vg).  Let  Z  «  N(vq)  ft  P'.  Since  «  Z,  while  v^  /  Z, 
tMs  path  Intersects  Np,(z),  say  at  Yg.  Note  that  vg  e  Np,(Z)  c  N^(vQ). 

By  definition,  all  the  vertices  of  P1  »  F(v1  ft  Yg)  contain  the 
symbols  A^,  Ag  and  A^  and  Vg  contains  also  some  A#  €  (A^|t  e  [2,  ...  ,  d] 
t  ^  1) .  But,  either  vp  or  Vg  must  contain  A^ .  Hence  either  Yg  *  v^  or 

vg  *  ^2  sat*8*1*®  |vg  ft  Yg|  -  4.  q 

/ 

Theorem  5.  Let  P  e  r(l0,5)  and  let  (v^,  v^,  v„);  <v  V  be  paths 
in  P  satisfying  Jv.^  ft  Vj|  =  i+J.  Define  P'  ■  F^  ft  y^),  W  ■  N{vq)  ftP' 
and  W  =  N(vq)  ft  P*.  Then  either  there  e;dsts  a  path  of  length  J  connecting 
a  vertex  in  W  to  a  vertex  in  W  or; 

(a)  F(vg  ft  v^)  is  (by  relabeling)  the  7-vertex  2-dlmensional  abstract 


polytope  given  in  Figure  1. 


Vg  *  ”  {A^j AjjAj jA-^jAg)  »  iA^Ajji^JgjX^Jy 

(Ai^Agi^i^AgiAj)  "  (A^/A]^A^,Ag,A^}  •■  (A^fAj^A^Ag^A^) 

Figure  1 

(b)  F(v1  n  v^)  Is  (by  relabeling)  the  3- dimensional  abstract  polytope  given 
in  Figure  2  (note  that  the  grsph  of  F(v^  n  v^)  Is  non-planar)* 


Proof:  Assume  (by  relabeling  If  necessary)'  that 

Vq  “  tA^  •  •  •  t  A^)  t  ■  (A^|  •  •  •  t  A^,  A^)  f  Vg  *  (A^;  •  • «  >  A^g)  Ag)  t 
Vq  ■  (A^i  •••  t  -Xj)/  ^  A^i  •••  }  ^_^)  • 


(a)  Since  |v2  n  vj  ■  3,  P"  ■  F(v2  0  v^)  corresponds  1-1  to  an  (n,2)-abstract 
polytope  with  3  <  n  <  7.  It  is  eaay  to  show  that  erery  (n,2)-abstract 
polytope  Q  has  exactly  n  vertices  and  that  every  symbol  of  UQ  Is 
contained  by  two  adjacent  vertices  of  Q,  Furthermore*  the  graph  of  Q 
forms  a  simple  cycle.  We  shall  consider  three  cases. 

(al)  |p"|  <  5*  Obviously  there  exiBts  a  path  of  length  lest  than  or  equal  to 
3  Joining  v^  in  W  to  v^  in  W. 

(a2)  |p”|  »  6.  In  this  case  P"  has  the  form: 


/T5“T*\ 

^Ai^Ag^Aj/A^Ag)  y  (A^A^jXgjAyA^) 

\v!!-v,'7 


V 


2T 


Figure 
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Since  and  Ag  are  contained  by  all  the  vertices  of  P% 

*  ‘  5- 

and  v2  U  v^  ■  (AyA^AyAyA^AyA^)*  one  of  the  remaining  symbols 

A^,  A^  or  is  contained  by  the  two  adjacent  vertices  Vy  v£  and 

another  by  Vy  v£.  Hut  if  A^  is  contained  by  Yy  (or  Vy  v£) 

then  v'  (or  v")  Is  i\  neighbor  of  v, .  If  A_  is  contained  by 
3  3  3 

Vy  v£  (or  Vy  vj)  then  Vj|  (or  v£)  is  a  member  of  ft.  In  both 
cases  there  exists  a  path  of  length  3  from  a  member  of  V  to  a 
member  of  W. 


(a3)  |p"|  -  7.  Here  P"  has  the  form: 

v3*“  v4  “"r5 


^2  B 


\ 


V 


(Ai,Ai,A2,A5,a4)  ■  ^ 


v3~v4 


Using  the  same  arguments  as  In  (a2)  ve  see  that  If  every  path  from  a 
member  of  W  to  a  member  of  W  has  a  length  of  at  least  4  then 
Vy  v£  must  contain  Ay  Vy  v^  must  contain  A^  and  Vy  v£ 
must  contain  Ay  Thus  P"  has  the  form  of  Figure  1  except  for 
possible  interchange  of  symbols  Ag  with  A^  and  A^  with  A^. 


(b)  Suppose  very  path  in  P'  Joining  a  member  of  W  to  a  member  of  W 
has  a  length  larger  than  3*  So  P"  has  the  form  given  in  Figure  1. 
Let  us  denote  Vg  ■  (AyA^AyAg^Aj)  ve  can  apply  now  the  above 
analysis  to  the  face  F(v^  n  Vg)  where  ve  replace  the  symbols 
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(A3L,A2,A5,A^A5)  above  by  [A^lyK^l^Kj ,  and 

by  (A^>A4 ,  Ag,  Ay  A^ }  respectively.  Thus  F^  0  vg)  has  the  following 
form  (with  the  possible  interchanging  of  Ag;  A^  and  Ag ,  A^) : 


v1  *  (ApAg,AyA4,A^) 


^  (AyAyAyAyA,.} “  (AyA4,AyAg,A -  (AyA4,AyAg,A^)  ^  ■  Vg 
(AyAgjAyAyA^)  -  (Ay  Ay  Ay  Ay  A^)  -  (Ay  AyAyAyA^J 


Note  that  interchanging  Ag,  A^  is  not  possible  Bince  {AyAyAyAg,A,.} 
is  forced  as  a  neighbor  of  Vg  because  it  already  exists  sb  a  vertex 
of  F(v2n  vx) 

We  now  let  Vg  =  {AyAgjAyAyA^}  and  apply  the  argument  of  (a) 
on  F(Vg  n  vx).  Since  (AyAyAyAg,^)  e  F(vg  n  y^)  and  (AyAyAyAyA^) 
e  F(v1n  Vg)  we  get  a  unique  form  for  F(Vg  n  v^)  as  follows: 


V2  °  ^AyAgfAyAyA^J-lAyAyAyAyA^J-tAyAyXyAgjA^} 
(Ai,Ag,Al,A4,A5)-  (AyAyAyAyA^)  ~  (AyAyAy  AyA^} 


(AyAyAg,AyA4)*v^ 


If  we  would  have  interchange  Ag  with  A^  in  F(v^  n  Vg)  then  we  would 
have  (A1,Ag,A1,54,A5)  e  F(vg  n  vx)  and  (AyAg^yAyA^)  e  F(v1nv2)c  P 
but  {A^jAg^pAgjA^}  €  F(vg  n  v-^)  c  P.  So  axiom  (ii)  of  abstract  polytopes 

would  have  been  violated  since  (AyAg,AyA^)  is  contained  by  3  vertices  of  P. 


Ik. 


Hence,  we  can  conclude  that  Ag  la  not  lnterchaagable  with  A 
in  FCv^  fl  vg)  (i.e.,  the  structure  of  this  face  which  la  given  above 
la  the  only  structure  which  la  compatible  with  F(vg  H  v^)  given  in  (a) 
and  the  assumption  that  no  path  of  length  less  than  4  joined  a  member  of 
W  to  a  member  of  W). 

Finally,  letting  Vg  ■  {A^AyA^AyA^} ,  considering  F(v1  n  Vg) 
and  applying  (a)  (notice  that  (A^AyAyA^Ag)  j  (A^Ag^AyA^Ag) ; 
(A1#Aj,A^A^,Aj)  and  {A^AyA^A^A^}  belong  to  .  F(v].  fl  Vg))  we  get  that 
the  form  of  F(v1  fl  Vg)  la  necessarily  as  follows: 


= .  (A^,Ag,Aj,A^,A^) 


/ 

\ 


(A^|AjjAj^|i^,ij)“  U^AyA^Aj^)  ■  {A^,AyAyAy  Aj^J. 


^  Ai,Ag,Aj,Ai,  Ag)  -  (A^,  Ay  Ay  A^,  Ag)  -  (A^,Aj,Ay  A^,A^  J 


Collecting  all  the  vertices  of  the  four  2-dimensional  faces  considered 
above  it  is  not  difficult  to  verify  that  they  form  a  3-dimensional  abstract 
polytope  which  has  the  structure  described  in  Figure  2. 

Remark .  Klee  and  Walkup  [l]  name  the  property  that  every  path  from  q  member 

j 

of  W  to  a  member  of  W  has  a  length  of  at  most  3,  as  "Property  A".  They 
show  that  every  3”dimenBional  simple  polytope  with  8  facets  satisfies 
property  A.  We  have  shown  that  all  3-dimensional  abstract  polytopes  with 
8  facets  also  satisfy  property  A  except  one,  namely  the  one  with  utructure 
given  in  Figure  2. 


15. 


* 


* 


Proof  of  Theorem  5»  Bart  (iv)  for  d  °  5:  It  is  obvious  that  (ly) 
holds  if  and  only  if  there  exists  a  path  of  length  5  from  vQ  to  vQ,  i.e., 
if,  and  only  if,  there  exists  a  path  of  length  3  from  a  neighbor  of  vQ  to 
a  neighbor  of  vQ. 

Suppose  (iv)  does  not  hold,  then  by  theorem  5-b  every  3-dlmensional 
face  of  P  vhich  is  generated  by  a  member  of  N(Vq)  and  a  member  of  N(Vq) 
has  the  structure  of  Figure  2  after  relabeling.  In  particular  let 
v1  =  (AyAg)AyAyA.^} ,  Vg  =  (AyAg,AyAyAg} ,  v^  =  {A ,  ,AyAg,Ay  Aj^]  and 
P'  *  p(v1  n  v^)  has  the  form  of  Figure  2.  Consider  vQ  =  {AyAg,AyAyA,-} 
and  its  incident  edge  generated  by  {AyAyAyA,.} .  The  other  vertex 
incident  to  this  edge  cannot  be  (A1,A,,A^,A^,Ai)  vhere  i  *  1,2, 3, 4  since 
this  would  imply  that  there  is  a  path  of  length  5  from  vQ  to  vQ  via  that 
edge  and  one  of  the  following  four  vertices  of  P': 

{A-^,AyA,-,A-^,Aj}  j  (Ay  AyAyAy  A^}  j  (AyAyAyAyAg)  and  (AyAyAyAyAg) 

Hence  (AyAyAyAyAg)  is  a  vertex  adjacent  to  v^. 

Similar  arguments  lead  to  the  conclusion  that  either 
{A^,Ag,AjyAyAt-}  or  (AyAg,AyAyAg)  is  the  other  vertex  (beside  vQ) 
which  is  incident  to  the  edge  generated  by  (AyAg,AyA,J . 

The  same  argument  with  respect  to  v^,  the  edge  generated  by 
(A^,Ag,AyAj.)  and  vertices  (Ay  AyAyAg,Aj.)  j  (AyAyAyAyAg)  j  (A^,Ag,-:-. .  j  /-g,A^j  j 
{AyAg,AyAyAj.}  in  P'  implies  that  (AyAyAg^yA^)  €  Np(vQ).  Consider 
now  -vertices  (AyAyAyAyAg.)  and  (AyAyAg,AyA,.) ,  by  Theorem  ?  in  order 
not  to  have  a  path  of  length  3  Joining  these  two  vertices  the  face  of  their 


16 


intersection  must  have  the  structure  of  Figure  2.  But  note  in  Figure  2 
that  the  three  neighbors  of  have  the  property  that  no  two  are  neighbors. 
This  rules  out  the  possibility  that  {ApAgjA^A^A^}  is  a  vertex  as  it 
would  lie  in  the  face  and  would  be  a  neighbor  of  (AyAyA^AyA^} .  Hence 
if  (iv)  does  not  hold,  (A^A^A^AyAg)  c  N(Vq). 

Let  us  now  consider  the  face  F(  (A^A^A^AyAg)  n  (A^,X^,J Sg^AyA^)) 
-  f((A  g}).  ^  contains  the  non-empty  ^-dimensional  face 

(A^,Ag>i  yAyAg)  n  {A^,A^,Ag,Aj,Aj^} )  *  F((AyAyAg}).  By  Theorem  5* 
under  the  assumption  that  (iv)  does  not  hold,  F((AyAg})  must  have  the 
structure  of  Figure  2.  Note  that  F(  (A^,A^,Ag) )  also  lies  in  F(v1  fl  v^) 
and  has  7  vertices  (shown  connected  by  heavy  arcs  in  Figure  2).  But  all 
two  dimensional  faces  with  seven  vertices  of  the  abstract  polytope  given 
in  Figure  2  have  the  property  that  one  of  its  vertices  is  adjacent  to  v^ 
in  P'  and  thus  analogously  to  (AyAgjAyAyAg)  in  FftAyAg)),  but 
in  fact  none  are, a  contradiction.  So  (iv)  must  hold.  Q 

The  last  part  of  Theorem  3-(iv),  for  d  >  6,  will  be  proved 
via  Theorems  6  and  7* 

Theorem  6.  Let  P  e  J^(2d,d)  and  let  (v^v^Vg),  (vqjV^  be  two  paths 
in  P  such  that  l^fl  vj  ■  i+J.  Let  W  ■  N(Vq)  fl  F(v1  fl  v^)j  then  if 
d  >  6  and  W  >  2  there  exists  V'  c  Av0)  and  Vg  €  such  that 

I  v2  n  Vg!  =  kt 
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Proof.  By  relabeling  let  vQ  -  (A^...^)  ;  v.j,  ■  (A1# .. 

Tg  ■  (A^j •  •  <  Vq  *  {A1# •  •  •  ,  A^} |  and  ■  (A^>A^;.>.^a^} • 

Define  P*  -  p(v1  n  vx).  (ttus  w  -  n(tq)  n  p')i  p"  -  p(t2  n  V^))  £  -  H(v0)  n  p" 
and  Uj  *  (v  e  Np.i(Z)|Ai  c  v).  (i  ■  2,...,d).  The  proof  of  Theorem  6 
obviously  Is  a  result  of  the  following  Leans  [part  (b4)]. 

Lemma. 

(a)  Ug>'  . ..  .  &d  partitions  Np»(Z). 

(b)  Either  there  exist  vp  €  N^(vq)  and  Vg  £  N^(Vq)  Bucl1 
Kg  n  Vg|  =  4  or; 

(bl)  |U±|  =0  for  1  *  2,...,d-2 

<*0  IS**!  -  1 

(W)  |6al 

(b4)  |w|  =1  for  d  >  6. 

Proof  of  the  Lemma. 

(a)  Since  every  vertex  of  P"  contains  A^  and  since  every 
vertex  of  Npir(z)  contains  exactly  two  non-barred  symbols,  obviously: 

d 

Npii(z)  -  U  U,  and  D.nU,^  for  i,J  =  2,  ...  ,  d,  1  /  J. 
r  1*2  1  1  « 

(bl)  Assume  U.  /  0  and  v'  €  U  for  some  1  ,  2  <  1  <  d-2, 

_  0  .  0  0  _  ~  0 
then  (ApAj^  /A^A^Jcy^.  Hence  |vg  n  v^|  -  4.  Moreover,  Vg  e  HpW(Z)  c  lT(v0). 


(b2)  Ry  Theorem  1  there  exists  an  A^—  avoiding  path  Joining  vg 
to  v^  In  P".  Since  v^  e  Z  and  Vg  i  Z  this  path  must  Intersect 
Npti(z).  Thus,  there  exists  a  vertex  Vg  e  'pu(z)  c  H^(vq)  vhich  dees  not 
contain  lap  lying  at  least  one  |u^|  /  0  for  1  -  2,  ...  ,  d-1  .  So 

by  (bl)  either  there  exists  Vg  e  N^(Vq)  such  that  |vg  0  Vg|  ■  4  or 

IVil  >o. 

Assume  now  that  >2  and  let  r^t  v”  c  9^.  Since 

Vg  and  'v2  both  contain  A^,  A^  and  ^  ve  have  (v^n  Yg  n  Vg|  •  3* 
Furthermore  Vg,  v"  e  Np..(Z)  c  H^(v0)#  so  by  Theorem  4  there  exists 
Vg  e  ^(vq)  such  that  either  |vg  0  v^|  -4  or  |v^  nv”|  -  4. 

Thus  ve  conclude  that  either  Ju^j  ■  1  or  there  exists 
Vg  e  N^Vq)  and  v^  e  H^Vq)  such  that  |vg  n  v^|  ■  4. 

(b3)  Suppose  |Z|  *  k.  Note  that  k  >  1  because  v^  e  2. 

The  vertices  of  Z  have  the  form  [k^,k^, .  • .  ,k^l  -  {i^J,  1  €  R,  where 
R  is  a  subset  of  k  Indices  of  {3,  ...  >  d). 

By  the  second  axiom  of  abstract  polytopes  the  subset 
{A^jA^j  •  •  .jA^}  *  (A^Aj)  f  (i  e  Rj  J  €  (3,  •••  f  d),  J  ^  R)  .  is  contained 
by  tvo  vertices  of  P”.  Thus  every  vertex  of  Z  gives  rise  to  d-2-k 
distinct  vertices  in  Np«(Z).  Therefore  |Npn(Z)|  ■  k(d-2-k).  Hence  by 
(a),  (bl)  and  (b2),  either  there  exists  Vg  c  N^Vq),  Vg  €  N^Vq)  such 
that  |vg  n  v^j  =4  or 

|Np..(Z)|  -  |Ud|  +  1  -  k(d-2-k)  . 


The  last  expression  implies  that 
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0<k<d-2  and  |u4|  >  d-4  . 

(b4)  Finally  let  us  assume  that  d  >  6  tad  |w|  >  2  and 
let  c  W  be  distinct  from  Thus  [A^A^XjJ  cr^.  By  (b3) 

either  there  exists  Vg  c  H^(Vq)  and  v,J  c  I^(vq)  such  that  |VgO  Vg|  ■ 
or  |ud|  >  d-4  >2  for  d  >6.  Accordingly  let  Vg,  Vg  c  0^.  Since 
both  Vg  and  Vg  contain  (A1,Ad,A]L)  we  have  |vj  0  v£  n  Vg|  ■  3  which 
by  theorem  4  Implies  either  |vg  n  Vg|  ■  4  or  |vg  n  ▼gl  ■  4*  which 
completes  the  proof  of  the  Lemma. 

Theorem  7:  d  >  6,  k  *  2,  k  »  2  holds  for  Theorem  3,  if  there  exist 
v”  c  N(vq)  and  N(vq)  such  that  |v^  n  v^fl  v^  ■  2  • 

Proof.  Without  loss  of  generality  we  can  assume  that 
vQ  *  (Ap . .  .jA^j}  j  v1  =  (A^j  ...  >A^^;A^)  j  vL  ■  (Ap . .  •  ,  A^  2 ^ A(^;  1 

^  *  ^A^A^i  ...  |A^^)  j  Vq  *  (Ap . .  .#Ad) . 

We  wish  to  show  that  if  d  >  6  then  there  exist  Vg  e  H^(Vq) 
and  Vg  e  H^(vQ)  such  that  |vg  n  v^|  -  4. 

By  Theorem  1  there  exists  an  A g—  avoiding  path  from  v^  to  v^ 
in  P'  *  F(v1  n  v^).  This  path  intersects  Npf(w)  at,  say,  Vg.  In  this 
case  Vq,  Vp  Vg,  vQ,  v^  satisfy  the  conditions  of  Theorem  6.  Moreover, 
|wj  >  2  since  VpV^  cW  and  d  >  6  so  that  by  Theorem  6  there  exist 
Vg  e  I^pfVg)  and  v^  e  t^(vQ)  Buch  that  |v^  n  v£|  .  4. 


Q 


20. 


Proof  of  theorem  5  Part  (It)  for  d  >  6t  Bj r  Theorem  3  (iii) 

Ve  can  assume  the  existence  of  paths  (To'Tl,v2^  (▼o#*i)  Bucil 
|y.  n  v .  |  -  l+J.  Without  loss  of  generality  ve  can  assune  that 

Vq  *  (A1#  • .  .,Ad) ;  vx  ■  (A^, ...  yA^^jA^}  j  Vg  ■  (A^)  •  •  •  |A^g;A^Ag}  and 

Tl.  *  A  vq  ■  • 

Let  us  define  Pf,  P",  W,  Z  and  ^  (l  -  2,...,d)  as  In  the 
preceding  Lemma  .  Since  ve  assume  that  d  >  6  ve  have,  by  the  Lemma 
.that  |ud|  >2.  Let  Vg,  v^  c  Ud. 

If  |z|  >2  then  (considering  the  tvo  yertices  In  Z  and  v^) 
(lv)  holds  by  Theorem  7.  If  |zj  -  1,  then,  necessarily  Vg,  Vg  have  the 
form; 

Vg  *  j  Vg  *  [A^A^i^  . . .  ■  (Aj) 

for  some  1,  J  :  3  <  1,  J  <  d-1  and  1  /  J  . 

Thus  by  Theorem  4  either  (lv)  holds  or  every  vertex  of 
W'  ■  Np(vQ)  n  F(vQ  n  v^J  (except  v^)  contains  one  symbol  out  of 
A^,  Aj  and  Ad.  But  since  d  >  6,  |w'|  ■  d-1  >  3.  Thus,  at  least  tvo 
vertices  of  W',  say  vj,  vj  are  adjacent.  But  then  |vj  n  0  v^J  »  2 
afcd  (lv)  holds  by  Theorem  7. 

Q 


Corollary  1. 


(l)  A  (2d-*,  d)  <  A  ,(2d+k-l,  d-l)  +  1,  k  -  0,  1 

ft  mm  ft 

(il)  A^(2d,d)  <  A^d-k,  d-k)  +  k,  k  -  1,  2,  3,  k. 

Proof: 

(l)  follows  from  Theorem  3-(i)>  (ii). 

(ll)  follows  from  Theorem  3. 

Note  that  since  every  simple  polytope  satisfies  the  aicLoma  of 
an  abstract  polytope.  Theorem  3  holds  for  simple  polytopes  and  Corollary  1 
holds  If  one  replaces  da(n,d)  by  Ab(n,d)  (the  maximum  diameter  of 
ordinary  polytopes  over  all  d- dimensional  polytopes  with  n  facets). 


5.  Maximum  diameters  of  abstract  polytopes  and  the  Hlrsch  conjecture. 

Hlrsch  conjecture.  Corresponding  to  the  Hlrsch  conjecture  of  polytopes, 
Dantzig  [!»•],  is  the  conjecture  for  abstract  polytopes  that 

Aft(n,d)  <  n-d  (d  >  1,  n  >  d+l)  . 

Theorem  8  below  is  the  analog  of  the  results  of  Klee  and  Walkup  [1] 
for  abstract  polytopes  (except  for  ^(n,3),  n  >  9)  and  is  mainly  based  on 


Theorem  3* 


theorem  8.  The  values  of  ^(n,d)  for 
in  the  following  table: 


^X^n-d 
d  \ 

1 

2 

3 

4 

5 

2 

If 

2 

2 

3 

3 

3 

If 

fl 

3 

3 

4 

4 

If 

ti 

a 

4 

5 

d  >  5 

It 

fl 

n 

ft. 

5 

d  <  2  and  for  n-d  <  5  are  given 


...  A  (n,2)  -  [n/2] 

VI 


Table  1:  Values  of  A  (n,d) 

a 

(Die  double  quote  mark  indicates  that  each  column  is  constant  from  the  main 
diagonal  downwards.) 

Proof;  Ae  was  pointed  out  in  Section  3,  Aa(n,d)  >  A^n^d ).  Dius 

since  Table  1  holds  for  Aj/n^d)  (Klee  and  Waikup  [1]),  it  is  sufficient 

to  show  that  the  values  in  Table  1  are  upper  bounds  for  A  (n,d). 

ft 

Let  Pe%/>(n,d). 

(a)  2d  >  n:  By  Dieorem  2-(iv)  each  column  of  Table  1  is  constant  from  the 
main  diagonal  downwards. 

(b)  d  *  2,  n  >  4;  Since  P  is  a  2-dimensional  abstract  polytope,  the  number 
of  vertices  of  P  is  equal  to  the  number  of  its  edges,  therefore  the  graph 
of  P  forms  a  simple  cycle  with  n  vertices.  Hence  A  (n,2)  ■  [n/2]. 

ft 


(c)  n-d  «  3:  By  (b)  and  Corollary  1,  ^(6,3)  -  3. 

(d)  n-d  ■  4: 

(dl)  n  -  7s  If  T  n  r  /  0  for  every  pair  of  vertices  v,  v  S  P  then 

F(v  n  v)  Is  an  (n',d')-ab8tract  polytope  with  n*  <  6  and  d*  <  2. 

lhus,  by  (b)  and  (c),  6(P)  <  3» 

Suppose  now,  that  there  exist  v,  y  (P  such  that  v  0  v  ■  jf. 

Let  UP  -  (vUt]  *  A  then  by  Theorem  1  there  exists  an  A  avoiding  path 
between  v  and  v.  This  path  intersects  say  at  Vg.  Since 

every  vertex  in  ^(v)  contains  two  symbols  of  UP  -  v,  Vg  is  necessarily 
adjacent  to  v.  Hence  A(7,3)  <3. 

(d2)  n  =  8:  By  (dl)  and  Corollary  1,  A  (8,4)  <  4. 

a  ■“ 

(e)  n-d  =  5; 

(el)  n  =  8;  If  v  n  v  ^  $  for  all  v,  v  e  P  then  P'  ■  F(v  n  v)  is 

d' -dimensional  face  of  P  where  d'  <  2  and  |uP  -  (v  0  v}|  <7# 

thus  by  (a)  and  (b),  5(P)  <  3» 

Suppose  there  exists  v,  v  e  P  such  that  v  n  v  *  0.  Let 
UP  =  {A^,Ag,Aj,Ajj,A^,Ag,Ay,Ag} ,  v  *  {A^,Ag,Aj}  and  v  «  (A^,A^,Ag)  • 

If  5(P)  >  4  then  every  vertex  in  N(v)  and  H(v)  contains 
either  A^  or  Ag  (otherwise  a  vertex  in  N(v)  (or  in  N(v))  and 
v  (or  v),  both  contain  the  same  symbol  which,  by  (iii)  implies  that 
5(P)  <  4). 


Without  loss  of  generality  we  can  assume  that 


H(y)  ■  { (A^,Ag,Ay} ;  (A^^AjjAy)  j  (Ag|X^|Ag)) 

and  either 

K(t)  «  {(A^iA^jAyJj  U^,Ag,A^} ;  (A^iAg^A^}} 


or 

!(▼)  -  {(A^A^Ay);  (Aj^Ag,Ag);  (A^Ag,Ag)) . 


In  the' first  ease  the  graph  of  7({A^))  font  a  simple  cycle  with 
at  most  7  vertices  while  In  the  second  case  It  forms  a  simple  cycle  with 
at  most  6  vertices.  (Since  In  the  second  case  F((Ag})  ■ 

{(A4,A5>Ag),  U4,A6,A8};  {A5,A6,Aq}}  which  Implies  that  F((A?))  n  F( CAg} >  -  |f.) 
In  both  cases  8(P)  <  Hence,  A  (8,3)  <  4. 

(e2)  n  ■  9:  8y  (d)  and  Corollary  1,  ^(9**0  <  5* 

(e3)  n  *  10:  If  vflvjl^  for  all  v,  v  e  P  then  F(v  (It)  la  an 
(n1,!1) -abstract  polytope  with  n'  <  9  and  d*  <  4.  Therefore, 
by  (e2),  B(P)  <  5»  Suppose,  now,  that  there  exist  v^,  v^  In  P 
such  that  vQ  fl  vQ  -  Without  loss  of  generality  we  can  assume 
that  vQ  -  (A^AgjAyA^Aj},  vQ  -  {A^, A2,A^,A]^A^).  Then  by  Theorem  3-(iv) 
8(P)  -  5. 
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